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Abstract

In this paper, we study the minimal disjunctive separator enumeration problem, which asks given
a graph G = (V, E) and a set of vertex pairs P C V' x V, to output all inclusion-wise minimal vertex
subsets C' C V such that for some pair (s,¢) € P, there is no path between s and ¢ in G[V \ C].
As main result, we propose the first polynomial delay polynomial space enumeration algorithm for

minimal disjunctive separator problem.

1 Introduction

Given a graph G = (V, E) and a vertex pair (s,t) €
V x V, A minimal separator enumeration problem
asks, given a graph G = (V, E) and a pair of ver-
tices (s,t) € V x V, to output all inclusion-wise
minimal separators without duplicates. It is known
that this problem can be solved in polynomial de-
lay [3], that is, the maximum interval between two
consecutive solutions, preprocessing time, and post-
processing time can be bounded by polynomial in
the input size. See [1] for the definition of the com-
plexity analysis of enumeration algorithms. How-
ever, if the problem admits to receive a set P of
vertex pairs {(s1,%1),...,(Sk,tx)}, then the prob-
lem becomes harder. There can be two variants
of the minimal separator problem for vertex pairs.
One is the conjunction, that is, asked to output
all minimal vertex subsets such that each subset
is a separator of all pairs in P. This problem is
solved in [2] if one considers edge cuts. The other
is the disjunction, that asks to output all minimal
vertex subsets such that each subset is a separator
of some pairs in P. We can easily obtain an enu-
meration algorithm for minimal disjunctive separa-
tors which runs in polynomial amortized time with
exponential space by using the previous result [3].
However, there is no known algorithm whose com-
plexity is polynomial delay and polynomial space
for the minimal disjunctive separator enumeration
problem. As the main result of this paper, we pro-
pose a novel idea for developing efficient algorithms
for disjunctive enumeration problems.

2 Preliminaries

Let G = (V, E) be a graph with n vertices and m
edges. Vertices a and b are connected if there is a

vertex sequence (@ = v1,vg,...,v; = b) such that
foreach i = 1,...,0 — 1, (v;,v;41) € E. For a ver-
tex set C, let G[V\ C] = (V\ C, E[V \ C]), where
EV\C] ={(z,y) e E|x¢ CAry¢C} A ver-
tex set A induces a connected component if any two
vertices in A are connected in G[A] and any vertex
vin V' \ A is adjacent to vertex in A. We call a
vertex set C' C V an (a,b)-separator , for two dis-
tinct vertices a and b, if @ and b are not connected
in GIV \ C]. Let P be a set of pairs of vertices
{(s1,t1), ..., (sk,tr)}. C is a disjunctive separator
for P if C cuts s; and t; for some j = 1,...,k.
Note that some other pairs might be connected in
G[V'\ C]. A (disjunctive) separator C' is minimal if
there is no proposer subset C’ of C such that C’ is
also a (disjunctive) separator.

3 Proposed algorithm

In this paper, we consider the following problem:
Given a graph G and a set P of pairs of vertices
P = {(s1,t1),...,(Sk,tr)}, enumerate all minimal
disjunctive separators for P. Let S(G, P) be the set
of solutions. Let MC(G, s;,t;) be an enumeration al-
gorithm for the minimal (s;, ¢;)-separators. For sim-
plicity, we write MC(G, 1) instead of MC(G, s;,t;).
We first explain the overview of our proposed
algorithm DMC (See Algorithm 1). DMC starts from
the first solution of MC((G,1). If the solution
does not separate all other pairs (sa,t2), ..., (Sk, tg),
then DMC outputs the solution and find the next
solution of MC(G,1). Otherwise, without out-
putting the solution, DMC computes the first solu-
tion of MC(G,2). If the solution does not separate
(s3,t3),...,(Sk,tx), then DMC outputs the solution
and find the next solution of MC(G,1). Otherwise,
DMC computes the first solution of MC(G, 3) and re-



Algorithm 1: Enumeration algorithm for disjunctive minimal separator

1 Procedure DMC(G = (V, E), A = {(s1,t1),---, (Sk,tx)})

2 terminated < a vector of Os with length k;

3 DMCRec (G, 1);

4 Procedure DMCRec (G, 1)

5 if there is no new solution of MC(G,i) then

6 terminated[i] < 1;

7 if all the elements of terminated are 1 then
8 L Stop the algorithm;

9 DMCRec (G, i+ 1);

10 C <+ a new solution of MC(G,1);

11 if C does not separate (sij+1,ti+1), .-, (Sk, tx) then
12 Output C

13 DMCRec (G, 1);

14 else

15 | DMCRec(G, i+ 1);

peats the above steps. Now, we first consider the
correctness of DMC.

Theorem 1. DMC outputs all solutions without du-
plicates.

Proof. Every time a new solution is outputted,
DMCRec makes a recursive call for (sq,t1) at
line 13. In addition, after outputting all solutions,
terminated becomes a vector consisting of k 1s.
Thus, DMC stops after outputting all solutions. Let
C be a solution and i, be the maximum integer
such that C separates (s;,,t;,). Then, C is out-
putted only by MC(G, i) otherwise this contradicts
the construction of the algorithm. Thus, there is no
duplicate output. O

Next we consider the time complexity. Let T
be the delay of MC. We can easily see that DMC enu-
merates all solutions in O(k(T + n + m) |S(G, P)|)
time in total since every solution separates at most
k pairs and the connectivity check can be done in
O(n +m) time and O(n) space by DFS traversing.
More precisely, the connectivity check is done as
follows: Suppose that DMC treats (s;,t;) and C' is
a current candidate solution. First DMC removes all
vertices in C' from G, and then executes DFS traver-
sal for all connected components. If for some j > i
s; and t; are not connected, then DMC makes a re-
cursive call for (s;j11,%;11). Hence, the check can be
done in O(n 4 m) time. Moreover, after outputting
a new solution for some pair (s;,t;), DMC makes a
recursive call for (s1,¢1). Therefore, since line 5 can
be done in O(T) time and MC(G, k) always outputs
a solution, the algorithm needs O(kT') delay and
the same time bound for stopping after outputting
the last solution. The state of the art algorithm for
minimal a—b separator enumeration runs in O(nm)
time per solution [3] with O(n) space. Thus, we can
obtain the following theorem:

Theorem 2. Given a set P of k pairs of vertices,
DMC enumerates all disjunctive minimal separators
of P in G in O(knm) delay with O(kn +m) space.

4 Conclusion

It should be noted that the basic idea can be applied
to similar enumeration problems satisfying the fol-
lowing condition: (1) You have a list L of objects,
(2) you want to enumerate all the objects that sat-
isfy some property II with at least one element of
L, and (3) you have an algorithm to enumerate in
polynomial delay the objects that satisfy IT with
one element.

We conclude by pointing out that if one con-
siders the conjunction of disjunctions, i.e., given a
set P of lists, each list consisting of pairs of ver-
tices, and one wants to list all the minimal sets C
that disconnects in each list at least one pair, then
the problem is as hard as the MINIMAL TRANSVER-
SAL ENUMERATION problem which is a long stand-
ing open problem asking for the existence of an
output-polynomial algorithm for listing the mini-
mal transversals of a hypergraph. However, the ex-
istence of an output-polynomial algorithm is open
if one considers that the lists have bounded sizes.
One can also consider cuts in matroids as done in [2]
where hardness results were given, in particular for
the conjunction of cuts in linear matroids. It is
worth noticing that the conjunction of cuts in bi-
nary matroids is still open.
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